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1.1 outline

1. Lagrangian integration: locate high-order periodic field lines that approximate cantori.

2. Cantori form important barriers that can severely restrict field line transport and thus anisotropic heat transport [1].

1.1.1 Lagrangian integration

1. Magnetic field lines are curves that extremize the action integral [2],

S ≡

∫

C

A · dl, (1)

where A = Aθ∇θ + Az∇ζ is the magnetic vector potential, and dl ≡ ds es + dθ eθ + dζ eζ is a line segment along a ‘trial’

curve, C, which is described by s(ζ) and θ(ζ) with ζ used to describe position along the curve.

2. In the following, it is assumed that the vector potential is given,

Aθ ≡ Aθ(s, θ, ζ) =
∑

j

Aθ,j(s) cos(mjθ − njζ), (2)

Aθ ≡ Aζ(s, θ, ζ) =
∑

j

Aζ,j(s) cos(mjθ − njζ). (3)

3. The computational task is to construct extremizing periodic curves.

1.1.2 discretization of trial curve

1. A practical discretization of C is given [3]

s = si

θ = θi−1 + θ̇i (ζ − ζi−1)

}

for ζ ∈ [ζi−1, ζi], (4)

where ζi ≡ i∆ζ, ∆ζ ≡ π/N where N is a resolution parameter, and θ̇i ≡ (θi − θi−1)/∆ζ.

2. The curve is now described by the si and the θi.

1.1.3 periodicity constraint

1. The periodicity constraint, θ(ζ + 2π q) = θ(ζ) + 2π p, is enforced by the constraint

θ2qN = θ0 + 2π p (5)

2. The degrees of freedom in the curve are thus si for i = 1, . . . , 2qN and θi for i = 0, . . . , 2qN − 1.
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1.1.4 piecewise action integral

1. Using this representation for the trial curve, the action integral becomes

S =

2qN
∑

i=1

Si(θi−1, θi, si) (6)

where

Si ≡

∫ ζi

ζi−1

A · dl (7)

=

∫ ζi

ζi−1

(

Aθ θ̇i + Aζ

)

dζ (8)

= a1∆ζ +
∑

j

ajλj,i, (9)

where aj ≡ Aθ,j(si) θ̇i + Aζ,j(si), λj,i ≡ [sin(αj,i) − sin(αj,i−1)]/(mj θ̇i − nj), and αj,i ≡ (mjθi − njζi), and where the

summation over j excludes the (mj , nj) = (0, 0) component.

1.1.5 conditions for extrema

1. The action integral is extremized when

∂S

∂si

= 0 (10)

∂S

∂θi

= 0. (11)

2. Assume that the θ curve is given and the extremizing s curve is to be constructed. We must solve

∂S

∂si

=
∂Si

∂si

= a′

1
∆ζ +

∑

j

a′

jλj,i. (12)

3. Define f(si) ≡ a′
1
∆ζ +

∑

j a′
jλj,i. A one-dimensional Newton method can be employed to find f(si + δsi) ≈ f(si) +

f ′(si) δsi = 0, where f ′(si) ≡ a′′
1
∆ζ +

∑

j a′′
j λj,i.

4. Note that the solution, si, depends only on θi−1 and θi, so that si = si(θi−1, θi). The action integral now becomes a

function only of the θi.
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